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Abstract-A novel methodology for the analysis of local and overall instabilities in stiffened plates
and shells is proposed. The method consists of embedding the local buckling deformation-the
buckling mode together with the associated second order fields-in an appropriate shell element.
The local buckling deformation is controlled by a relatively small number of degrees of freedom
which also allow for amplitude modulation. Examples ofstringer-stiffened plates and shells subjected
to axial compression are presented. Excellent agreement is found to exist between the results given
by the method and those obtained from full blown nonlinear analysis and experiments. It is shown
that the proposed technique offers a simple and considerably less expensive approach to mode
interaction problems than conventional nonlinear finite element analysis. Imperfection-sensitivity
under coincident buckling of axially compressed stringer-stiffened cylindrical shells is explored and
it is shown that there can be an erosion of 50% of the load carrying capacity under imperfections
of the kind unavoidable in practice.

NOTATION

Only the most important symbols are identified below:
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area of cross-section
laminate stiffness matrices
matrices relating strains to the degrees of freedom
Young's modulus of (isotropic) material
elastic constants in the fiber and transverse directions
inplane shear modulus
constitutive relationship matrix
length of the structure
linear and quadratic operators
local buckling load
Euler buckling load
radius of curvature
displacement at the center as given by the "overall" field
maximum normal (combined) displacement
width of the panel
thickness of the plate-shell
averaged thickness of the plate
depth of the stiffener
number of half-waves of local buckling
polynomial degree of the shape function
a parameter having the dimension of length
thickness of the stiffener
vector of generic strain
load parameter
critical value of A
inplane Poisson ratio
initial overall and local imperfections divided by 110 , respectively
actual overall and local imperfections
maximum local buckling amplitude
axial stress carried by the structure
vector of generic stress
prebuckling stress vector (uniform axial stress applied at the ends)
overall critical stress
local critical stress.
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INTRODUCTION

General
Stiffened plates and shells constitute important types of engineered structures. They

find extensive applications in aerospace structures, where they are often fabricated out of
advanced composites. Because of the slenderness of the walls typically employed in these
components, stability criteria dominate their design.

Under axial compression, unstiffened shells are notorious for their extreme imper
fection-sensitivity. This sensitivity is the result of destabilizing nonlinear interaction of a
large number of nearly coincident modes of buckling. However, a stringer-stiffened shell
under axial compression is not nearly as imperfection-sensitive, as the stiffeners can effec
tively act as nodal lines, thus precluding most, if not all, of the modes which cause radial
deflections along them.

Two distinctive modes of buckling dominate the behavior of the stiffened shells (Fig.
1): (i) the short-wave local mode(s) in which the stiffener-skin junction remains essentially
straight i.e. the shell-skin buckles between the stiffeners; (ii) the overall long-wave mode
in which the cross-sections of the stiffeners undergo significant translations in the direction
normal to the shell, i.e. shell-skin bends carrying the stiffeners with it.

Optimum design of the shells often leads to a configuration for which the critical
stresses corresponding to these modes are close to each other. Such optimized configurations
are often extremely imperfection-sensitive due to the nonlinear modal interaction of the
principal modes of buckling. The work of Koiter and Pignataro (1976a, b) is perhaps the
most significant in the field of modal interaction in axially compressed stiffened shells. They
introduced the concept of amplitude modulation, which accounts for the slowly varying
amplitude of local buckling in the axial direction. Their analysis was based on drastic
simplification of the local buckling response and is applicable for structures simply sup
ported at the ends. Byskov and Hutchinson (1977) analysed complete cylindrical shells
using "smeared" modelling for overall buckling and Koiter's solution for local buckling.
Amplitude modulation was not considered and a mixed second order field, which arises by
the interaction of local and overall modes, was computed. However, the displacement
functions chosen for this field appear to be restrictive if not arbitrary. Significant imper
fection-sensitivity at near coincident critical stresses was noticed. It appears that the problem
has received so far only a perfunctory treatment and several questions regarding the
phenomenon and the degree of erosion of the load-carrying capacity that may occur as a
result of modal interaction have not been resolved.

Despite the stupendous wealth of literature and the currently available power of
computer hardware, the finite element analysis of interactive buckling in shells has not been
attempted with any degree of seriousness, even though the problem is recognized to be one
of considerable importance (Bushnell, 1985). This is because the solution to these problems
requires the use of a sufficiently fine mesh to capture the local deformation (suc!1 as a
sinusoidal ripple of small wave length) in a structure which must be long enough for the
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Fig.!. Cross-section of a stiffened shell and the modes or buckling: (a) the local mode: (b) the
overall mode.
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overall instability to be of importance. As a result, phenomenal computational resources
will be needed.

The concept of "local!.v buckled" elements
In this paper a novel concept which would greatly facilitate the analysis of modal

interaction in shells is advanced. We note that local buckling occurs in a more or less
periodic pattern in a structure having regular spacings of stiffeners. Thus, it is a relatively
simple matter to compute a priori the local buckling mode and the associated postlocal
buckling effects using a substructure of the shell. Once analysed, these deformations are
embedded in an appropriate finite element with appropriate additional degrees of freedom
which dictate their growth. As a result, the element, even if spanning several half-waves of
local buckling, acquires the capability to depict the interaction without loss of accuracy as
the loading proceeds. The element contains the vital local buckling information and readily
manifests its effects under appropriate loading. Both local and overall imperfections can be
readily accounted for. Though the concept appears to be wide in scope, the present
treatment is restricted to stringer-stiffened shells primarily under axial compression.

The present approach also incorporates the concept of amplitude modulation. Srid
haran and Peng (1989) showed that in stiffened plates the amplitude modulation performs
the function of capturing the effects of several near coincident local modes of substantially
the same transverse description but having slightly varying wavelengths in the axial direc
tion. It is easy to show that the amplitude modulation performs a similar role in stiffened
shells too and is therefore incorporated in the present analysis as well.

Typical examples of plate and shell panels are solved. Comparisons with solutions of
the Tvergaard panel (Tvergaard, 1973) given by ABAQUS (1992), a well established
commercial program, and the experimental results of Thompson et al. (1976), are made to
verify the numerical model. The paper also discusses the evaluation of the mixed second
order fields and their contribution to the modal interaction. It is shown that the modal
interaction can, in stiffened shells, cause a significant erosion of the load-carrying capacity
of the shell, of the order of 50% from the critical value. at such levels of imperfections as
may be unavoidable in practice.

THEORY

In this section, the theoretical basis of the present finite element model is first outlined.
This is followed by a description of the features of the shell element to be employed in the
nonlinear analysis of the structure.

Displacement, strain and stress vectors
The essential displacement variables are given by:

{uV = {U,V,W,IX,P} (1)

where u, v and IV are the displacement components in the axial (x), transverse (y) and
outward normal (=) directions, respectively at any point on the middle surface shell or
stiffener (Fig. 2) and IX and p are the rotations of the normal in the x= and y;; planes,
respectively.

The generic strain vector {/l} may now be defined as in the Reissner-Mindlin theory:

(2)

Of these, {e} = {/lx, /ll' Y\I} are the inplane strain components, {X} = {)~x, X.1" XXI} are the
curvature components, and {V} = rYe, y...J are the transverse shearing strain components.
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Fig. 2. Coordinate axes and dimensions of a stiffened panel.

The following strain-displacement relations are assumed for the shell/stiffener:
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These may be viewed as Donnell's strain-displacement relations modified to account for
transverse shear deformation and the large inplane motions of stiffeners such as would
occur under overall buckling. Thus the expression 8x is augmented to include a nonlinear
term in v, a key term which enables the modelling of overall bending/buckling phenomena.
These equations may be expressed in the abbreviated form ;

8; = Llil(Uj)+~L2JUi) (4)

withi= 1, ... ,8andj= 1, ... ,5.
To correspond with {a}, a generic stress vector {a} is defined. This consists of force

resultants {N} = {N.n Nv,Nx,'}, moment resultants {M} = {M.t> My, M,,} and transverse
shear forces {Q} = {Qx,Ql'}' The stress-strain relations are taken in the standard form
(Sridharan et al., 1992)

{Q} = kGt{/,} (5)
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where C is the averaged transverse shear modulus, t is the thickness shell/stiffener, k is the
shear correction factor (taken as 5/6). These equations may be written in the abbreviated
form: tJi = BiJEl).

Determination of the local buckling fields

The linear stability (eigen-value) problem. The local buckling problem is solved fol
lowing the standard finite strip procedure (Sridharan et al., 1992). The salient features
thereof will now be mentioned. The following notation will be employed in the sequel. A
single superscript over a displacement, stress or strain will indicate a first order quantity
and a double superscript will refer to a second order quantity; the superscript (1) is reserved
for the overall buckling mode, while (2) and higher numbers will refer to the local modes
considered in the ascending order of the corresponding critical stresses (note however, in
this paper only a single local mode is considered) ; double superscripts (22) and (12) indicate
the second order field associated with the local mode and a mixed second order field
(m.s.o.f.), respectively.

The quadratic potential energy function governing the problem may, then, be written
in the form

(6)

where tJ? represents the stress in the unbuckled state, and a dot operation indicates multi
plication and integration over the volume of the structure (Budiansky, 1966).

For a stringer-stiffened cylindrical shell composed of a specially orthotropic material,
the displacement functions that satisfy the differential equations are of the form

(7)

Here uio Vi"" etc. are the degrees of freedom (d.oJ.) and l/Ji are appropriately chosen
polynomial shape functions. In the present work, the functions l/Jiare chosen in a hierarchical
form in the manner advocated by Szabo and Babuska (1991). These will be discussed later
once again. For sufficiently large m, the boundary conditions at the end are deemed not to
influence the local buckling process.

Designating the d.o.f.s of the local buckling problem as qj2), the potential energy
function [eqn (6)] may be expressed in the form

0(2) = i {a(2) _ ),H2)}q(2)q(2)
2 I) I) I J (8)

where Ais the load parameter and i, j range over all the d.o.f.s considered in the buckling
problem. The equilibrium equations follow:

{d 2) -Ab(2)}q(2) = 0
I) IJ J • (9)

Solution of the linear eigen-value problem in eqn (9) gives the critical stress for local
buckling and the eigen mode, qj2).

Second order field problem. The potential energy function governing the second order
field problem is given by
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+2L (U I21 )'L (ul 2 ) U(22)I]
I" k I I,; I ,I { (10)

where {U(22 1} refers to the second order field sought.
The displacement functions must be chosen keeping in view the solution to the differ

ential equations of the second order field problem. The right hand side vector {r} of the
differential equations consists of three sets of terms in general:

(2mnx) (2mnx){r} = rO(y)+rC(y)cos -L- +rS(y)sin -L- . (11 )

The last two terms are rapidly varying trigonometric functions (m » 1) in x, while the first
term is independent of x. The second order field problem may. then, be viewed as that of a
cylindrical shell subjected to two loads which vary sinusoidally in the x-direction. together
with a third term which remains constant in the x-direction. The solution takes the form

(2mnx) (2mnX)
{U(22l } = {UO} + {UC} cos -L- + {US} sin -L- (12)

where {UO} is a function of x and y, whereas {UC} and {US} are functions of y only.
Furthermore, {UO} is a slowly varying function with respect to x. Note that the solution in
the form of the buckling mode is ruled out because of the orthogonality condition. required
by the asymptotic procedure (Budiansky, 1966). Also, because of the slowly varying nature
of {UO}, it is decoupled in the solution process form {UC} and {US}.

Unlike in the asymptotic procedure for the initial postbuckling analysis (Sridharan et
al., 1992), it is not necessary to compute {UO} at this stage. Rather we shall let it arise, by
the interaction of L 2(Ul) terms with the degree of freedom associated with the finite element
mesh to be introduced later. Because of its slowly varying character, a relatively coarse
finite element mesh must be able to pick up the deformation asociated with {UO}. SO, we
need to compute only the solution vectors associated with the trigonometric terms at this
stage.

For a specially orthotropic material, the displacement fields to be computed take the
simplified form:

(2mnx)
{U(22) • (X{221} = {U~22). (X~22)} t/J iCy) sin -L-

(13)

where U~22l, ... etc. are the d.o.f.s second order field.
The potential energy function [eqn (10)] can now be expressed in terms of the d.o.f.s

q~2) and qF
2

l defining the first and second order fields, respectively and takes the form

Il(22) = .!-(d22 ) - )'b(22)q(22)q(22) + C q(22)q(2)q(2) (r, S = 1, ...• 11 d ; (i. J' = 1,2.... ,11 2 )
2 I) I} I } Irs' r s

(14)

where n2 stands for the d.o.f.s of the trigonometric part of the second order field. The
equation of equilibrium takes the form
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Ais set equal to Acr in the calculations.
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(15)

Amplitude modulation and mixed second order field
As a result of the interaction of local and overall modes, additional patterns of

deformation are generated. To a first order of approximation, these are contained in the
mixed second order field (m.s.o.f.). The governing differential equations of the field may
be derived in the following manner. Let the total displacement be decomposed in the form

(16)

where ~l and ~2 are the scaling factors associated with overall and local modes of buckling,
respectively, and {UO)} represents the overall mode. The displacement associated with
overall buckling would be significantly influenced by the end boundary conditions. Here,
for the purposes of discussion, we assume that symmetry is available with respect to the
center line of the cylindrical structure, so that the overall mode can be represented in the
form:

N (nnx)u(1) = L un(y) sin -
n~l L

N (nnx)v(1) = L vn(y) cos -
n=O L

N (nnx)W(I) = L Wn(Y) cos -
n=O L

(17)

where N is expected to be small (<<m) for a sufficiently accurate solution. Here we have
assumed that it is possible to cast the overall buckling mode in the form given by eqn (17),
using a finite strip formulation even in cases ofend conditions other than simply supported.
In the latter case, a single harmonic, namely n = 1, is sufficient.

Substituting the displacements in the form of eqn (16) in the governing nonlinear
equations describing the buckled state of the shell, and equating coefficients of ~1~2 on
either side, we obtain the m.s.o.f. equations. We substitute for the overall buckling dis
placement, its nth harmonic contribution to obtain the corresponding component of the
m.s.o.f. For simplicity, consider the classical Donnell type equations given in terms of the
three displacement components U IZ , VIZ and W 12 :

(
nnx) (mnx) (mrx) (mnx)= f2(Y) cos L cos L +gz(y)sin L sin L
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(18a-e)

Note that f and 9 are functions of y, obtainable from the transverse variations of the local
and overall modes.

The solution to this set of equations satisfying the boundary conditions yields the
m.s.oJ. Also, the solution must satisfy an orthogonality condition with respect to the
participating modes of buckling, which ensures that the higher order field is truly a "modi
fication" of the deformation given by the modes of buckling.

The left hand side of eqns (18a-<:) is governed by a linear stability operator and the
right hand side represents two sinusoidally varying loading terms. Because of the rapidly
varying nature of the trigonometric functions, the response is "local" in character and the
use of von Karman kinematic relations employed in these equations is justified. The solution
can be expressed in the form of the following sub-fields:

sub-field 1.

(mrcx) (nrcx)
Ul2 = U12(Y) sin L cos L

(mrcx) (nrcx)
t'12 = VI2(Y)COS Leos L

sub-field 2.

(mrcx) (nrcx)11'12 = ~'12(Y)COS Leos L ;

(mrcx) . (nrcx)U12 = Uf2(Y) cos L sm L

. (mrcx) . (nrcx)V12 = Vf2(y)sm L sm L

. (mrcx) . (nrcx)
W l 2 = W12(Y) sm L sm L .

(19a-e)

(20a-<:)

Each of these fields takes the form of a local mode modulated by a slowly varying function.
The most destabilizing contents of this field are the local modes whose eigen-values (critical
stresses) are close to the fundamental local mode. In particular wdy) and W12(Y) often
contain a component identical to ~'Cv), the transverse variation of the local mode. Thus, a
consequence of the interaction is the "amplitude modulation" of the local mode.

Now, m.s.o.f. (the sub-fields taken together) may also be written in the following form:

(21)

In this form it is readily seen that the m.s.o.f. is orthogonal to the fundamental local mode.
These two parts of the solution associated with wave numbers m + nand m - n are uncoupled
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from each other and can be obtained using a finite strip formulation rendering the following
potential energy function stationary:

n(l2) = 1.[H{L (U(l2». L (u(l2»+2[L (U(l2». L (u(l) u(2»+L (u(l»· L (ul2) U(J2»
2 lJ 1ik k 1,1 I I,k k I Iii, I I ik k 1 I, I , I

+ L (U(2». L (u(J) U(12»J} +aO ' {L (U ll ) +2L (U ll un)}]l,k k 1 I, I , I '2ik k 1 Ii k, k • (22)

But the occurrence of the m.s.o.f. in the form of local modes [eqn (21)J can be a pitfall for
an unsophisticated analyst. Because m » n, the eigen-values of the local modes with half
waves m +nand m - n are close to those of the primary local mode with half-wave number
m. As ), -+ Am the evaluation of the field is riddled by the singularity of the governing
linear stability equations, leading to unacceptably poor results. The same is true for the
contributions to m.s.oJ. associated with any n « m.

In order to eliminate the influence of the singularities, we employ here a local buckling
field modulated by an as yet unknown modulating function, F(x), at the very inception of
the analysis. The adoption of the amplitude modulated local mode is equivalent to taking
into account a number of local modes, all having the same transverse description, but of
slightly differing wavelengths. This can be seen by expanding the modulating function F(x)
in the form of a Fourier series

(23)

so that,

(
mnx)W(21 = F(x)l1i(y) cos L

N (nnx) (mnx)= l1i(y) n~o an cos L cos L

1 N [(m+n)nx) (m-n)1tx)]= "2 11i(y) n~o an COS L +COS L . (24)

The adoption of the amplitude modulated local mode significantly alters the process
of evaluation and the outcome of m.s.o.f. or any part thereof. But here we restrict our
attention to the m.s.oJ. arising from the interaction of the primary local mode (which is
the essential ingredient of the amplitude modulated local mode adopted here) and the nth
harmonic component of the overall mode, the forms of which are given by eqn (21). These
must now be rendered orthogonal to the local modes with wave numbers m - n, m + n
(n = 1,2, ...). This can be achieved only by imposing orthogonality conditions between the
transverse variation of W(21 on the one hand 11i 12 and Wf2 on the other. Thus,

LN~I1i(y)11i12(y)dA = 0

LN.el1i(y)wf2(y)dA = 0 (25)

where Ne is the axial force per unit length applied at the ends of the structure.
Each of these fields is evaluated by rendering the potential function [eqn (22)] stationary

and simultaneously imposing the orthogonality condition via the Lagrangian multiplier
technique. The solution must be repeated as n is varied and the contributions of all
harmonics summed up. However N is expected to be a small number. Thus, the local
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modes neighboring the fundamental local mode (which are accounted for by amplitude
modulation) are eliminated from the m.s.o.f.

It sometimes happens that a secondary local mode, with a different transverse descrip
tion, say ll'(y). is triggered in the process of interaction. This would be the result of certain
components of the "loading term" on the r.h.s. of the m.s.o.f. equations being in sympathy
with the secondary mode and the proximity of the eigen-value of the latter to that of the
primary local mode. The doubly symmetric cross-sections are a case in point (Ashraf Ali
and Sridharan, 1988). An examination of the normal displacement variation of the m.s.o.f.
will reveal if this is indeed the case. In this event, in the interests of accuracy, the triggered
mode must be named as an additional primary local mode and associated with yet another
amplitude modulating function. The transverse variations of the m.s.o.f. must then be
orthogonalized with respect to both li>(y) and ll·(y). With the local modes of buckling liable
to be triggered removed from its arsenal, m.s.o.f. ceases to playa significant role in the
analysis and will be neglected henceforth. A discussion of the relative significance of the
m.s.oJ. is taken up in a later section of the paper.

Finite element formulation

Representation of local buckling fields. The local buckling fields are taken in the form

(26)

where ~ stands for the local buckling degrees of freedom. 4> are the "slowing varying
functions" which provide for amplitude modulation.

Choice of shape functions. A p-version finite element approach is adopted. A set of
hierarchical polynomial functions are selected. For a sufficiently high "p" (polynomial
degree), the problems of shear and membrane locking associated with lower order elements
becomes inconsequential. A relatively small number of elements (in comparison to the h
version approach) would be sufficient resulting in considerable savings of effort in data
input. The type of polynomials 4>i chosen in the present work are integrals of the Legendre
functions. advocated by Szabo and Babuska (1991). These have been successfully used in
postbuckling studies by Sridharan et at. (1992), and Kasagi and Sridharan (1992, 1993).

A cylindrical shell element based on Donnell's theory admitting shear deformation via
the Reissner-Mindlin theory [eqn (3a-h)] is employed. The displacement functions take
the form

(27)

Note a similar. but one-dimensional, formulation has already been employed for the local
buckling analysis (Sridharan et al.. 1992).

Strain-displacement matrix. As a first step in the formulation we set the B-matrix
which relates the incremental strains to the incremental degrees of freedom. To this end.
each strain component is expressed in terms of displacement variables of the local and
overall fields. Thus. typically, the mid-plane strain 8, (exclusive of mixed second order
contributions) takes the form:

(28)

where:
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2 {(J.,2 },,(22) :::::: ---!?:. W(2)W'2).I" ,I" + 2iX U(22).I" + ---!?:. (W,2)W(2) +V\2)V(2».I" ,I" COS (2iX X)

Clx 4 I J 0/ t V'J m I Y'l 4 1 J I J tp 1~J m .
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(29)

where iXm = mnlL, and a prime denotes differentiation w.r.t. x.
Equation (28) does not include the effects of m.s.o.f.s. This contribution (Il~) is made

up of two parts, namely L 11 (U(2), u( I» and L j (U
I2

) and their total contribution is neglected
herein. This is discussed further in the next section, where a parameter is identified which
if sufficiently small, the neglection may be justified.

Expressions similar to eqn (28) are written down for all the strain components. The
incremental strain vector

can be related to the incremental degrees of freedom. This relationship is expressed in terms
of B-matrices as below:

where q is the vector of incremental d.o.f.s arranged in any convenient order.
Current stresses {a} too are arranged in a similar form:

2

{a} {ao} + L [{an cos (iiXmX) +{an sin (iiXmX)]
i=l

(30)

(31)

and these must be available for every integration point on the surface of the structure.
The nonlinear analysis from this point on is standard and well documented (Zien

kewicz, 1977). The tangential stiffness matrix [K] is obtained as:

[K] = I{[Bof[HHBo]+ ~Lt [B:;,]T[HHB:;'] +[B~f[HHB~]]} dx dy (32)

where the concept of slowly varying function of the overall and modulating function is
employed. The vector of unbalanced forces at any stage in the analysis are given by:

(33)

where !ext is the externally applied force. An arc length scheme (Crisfield, 1981) is used in
tracing the nonlinear load deflection relationship. Initial imperfections are used to define
the initial geometry corresponding to zero stress.

Relative significance of the mixed second order field (m.s.of.)
The inclusion of the m.s.o.f. in the present formulation, though entirely feasible does

make it more complex. Fortunately, the influence of this field appears to be marginal in
most cases. This was found to be true in earlier investigations of plate structures (Sridharan
and Peng, 1989). Here we identify a parameter which acts as an index of the relative
importance of the m.s.o.f.

Interactive buckling problem can be studied using a two d.o.f. model in the spirit of
numerous earlier investigations [see, for example, Benito and Sridharan (1985)]. Consider
a simplified potential energy function ofa perfect stiffened structure undergoing interactive
buckling written in terms of the dimensionless scaling parameters of the local and overall

SAS 31: 17-E



2358 S. SRIDHARAN et at.

modes of buckling (these take values of unity when the corresponding amplitude reaches a
value equal to the shell thickness) :

The coefficients of the quadratic terms aI' ••• , bz are available from the linear stability
analysis [cf. eqn (8)]. The cubic term in ~z vanishes, as m » 1. The cubic term associated
with the overall mode and the quartic terms associated with the individual modes are also
readily set up. These take the form

(35)

and a companion expression for dz. Note that ITn!l takes the form similar to that of IT(221

given in eqn (10).
We, however, focus attention on the c12Z and d12 terms arising from the interaction

and these are given below:

IT1l 2)+H L (U(I) dZ»'L (u(l} u1Z)
'I 11, k , k II, I ,I • (36)

While the calculation of CIZ2 and d12 involve only the two buckling modes and the second
order fields associated with the individual modes, the dtz term depends upon the m.s.o.f.
It is presumed here that the m.s.o.f. is evaluated imposing the orthogonality conditions
[eqn (25)] and no higher local modes triggered in the interaction.

In the cases of stiffened structures which have no semblance of symmetry (such as
stiffened plates or shells carrying stocky stiffeners), the cubic term associated with inter
action (c m ) does not vanish and tends to dominate over the quartic terms in the deter
mination of the maximum load-carrying capacity. dtz is the energy contribution of the
mixed second order strains and stresses. It consists of two terms; the first term involves the
m.s.oJ. displacements while the second term involves strains (and stresses) which arise
purely by the interaction of the two buckling modes. The latter is positive, being the result
of stresses working over strains of similar nature. The former may be viewed as a reaction
of the structure which relaxes the strain energy associated with the latter and is invariably
negative. Thus, these two effects tend to cancel each other, leaving a relatively small value
for df2' The ratio dfz/c122 may be viewed as an index of the relative influence of the m.s.o.f.
contributions. As long as it is a small fraction, their influence is negligible. For a quantitative
assessment, one may use the simplified model to determine the maximum load carried by
the structure in the presence of imperfections in typical configurations of shell structures.
This point is studied in some detail elsewhere (Sridharan, 1994) where it is shown that the
inclusion of the field does not make an appreciable difference, and included as a "slave
field" any improvement in accuracy claimed is questionable. Thus one may altogether
neglect the mixed second order quantities, thus rendering the formulation considerably
simpler. This is the approach taken here.

NUMERICAL STUDIES AND DISCUSSION

Performance ofp-version shell theory element
The chosen shell element has an obvious lacuna in that it cannot model rigid body

displacements. Notwithstanding this handicap, the element was found to perform very well
in the moderately nonlinear range up to the limit point and in the earlier phase of load
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shedding in several test cases. Its effectiveness increases with the p-leveL The main advantage
is its simplicity from the points of view of formulation and computation. Computational
costs, however, escalate rapidly as the p-Ievel is increased. Several bench mark problems
were studied to examine the performance of the element. Element performed very satis
factorily for plate problems. As a test case, a clamped plate subjected uniform pressure was
studied. It is seen that a single element with p 5 produces a more accurate solution than
2 x 2 mesh of Heterosis elements, and 2 x 2 mesh with p = 5 does as well as sixteen four
node UI elements employed by Hughes and Liu (1981). It is only in shell problems that
one must anticipate inaccuracies.

Figure 3 shows a shallow cylindrical shell hinged along one pair ofopposite edges and
free along the other pair. The shell carries a central concentrated load. The results are
shown up to and beyond the limit point to include part of the unloading phase of the shell.
These were obtained using, respectively, a single element for a quarter of the shell and 2 x 2
mesh with p = 5 in both cases. The results compare well with those obtained by Crisfield
(1981). In the advanced post-limit state, the results of the present model deteriorate notice
ably, but this is not considered significant in the present investigation where attention is
confined to the initial postbuckling behavior.

Tvergaard panels: comparison with ABAQUS program
In this section we present a small number of results for the panels of infinitely wide

stiffened plates studied by Tvergaard (1973). The geometry is illustrated in Fig. 4 and the
accompanying Table 1 gives the details of the geometry of the two panels investigated.
Note that ho represents the averaged ("smeared") thickness of the plate. The stiffeners are
made sufficiently stocky so as to preclude the possibility of "stiffener buckling". The panels

Vh

~\2diE~-=--ijf~-=--=-~-=--=-~-ftr-?-=-=--=-=-==--f??C-----------------:-----------3

---lm---lA W
--l11-- I

I I
I· b -.
I I

Fig. 4. Tvergaard type stiffened plate panel.

Table 1. Geometric parameters of Tvergaard panels (L = 454.4, ho = 1.4544)

Panel No.

1
2

Lib

4.0
8.0

d,/b

0.10
0.20

h/ho

0.688
00410

6 0.469 0.471 1.004
11 0.683 0.697 1.020
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are so designed that the local and overall critical stresses are given by the classical plate
theory (CPT) under axial compression are the same and investigated extensively by Tver
gaard (1973). The two panels considered were analysed with the following sets of imper
fections:

type I: (I = 0.1; r:;-2 = 0.1

type 2: (, = 0.0; = 0.2,

(\, (2 are, respectively, the actual imperfections in the overall and local modes, respectively
e?, e~ divided by ho. Only one half of the plate in the longitudinal direction is studied, thus
taking advantage of symmetry. The calculations were performed with three elements,
stiffener being represented by one element and each half of the panel on either side of the
stiffener being modelled by a single element (Fig. 4). Noting that the element shape functions
are used to capture only the overall action, the p-Ievels in the longitudinal and transverse
direction were both chosen to be five. This guaranteed the elimination of shear-locking
(Sridharan et al., 1992) and full integration was adopted in numerical calculations. Bound
ary conditions were the same as in Tvergaard's analysis. The plate elements at the end
boundaries of the structure were free to move in their own plane both longitudinally and
transversely, but were restrained from out of plane deflections. The centerlines of panels
(between the stiffeners) were given freedom to move in the plane ofthe plate but constrained
to remain straight. Further symmetry conditions with respect to out of plane action (fJ = 0)
were imposed along these lines. Initial imperfections in the form of local and overall
buckling modes as obtained from a finite-strip analysis (Sridharan et al., 1992) were
introduced as initial values of the degrees of freedom.

The relationships between the axial stress carried and the maximum deflections (the
local and overall contributions combined) at the center (between the stiffeners) are plotted
for the two panels for the two cases of imperfections. These results are compared with
those obtained using ABAQUS-·a nonlinear finite element analysis program. Nine-noded
Lagrangian isoparametric elements with reduced integration were used. The same dis
cretization scheme was adopted for the two half panels on either side of the stiffener as well
as the stiffener itself. Each of these substructures were divided into two elements trans
versely. The number of elements in the x-direction was dictated by the number of half
waves of buckling; one half of panel 1 (with m = 6) and panel 2 (m = II) were covered by
12 and 24 elements, respectively. Subsequent computations with more refined meshes
indicated that the error in the maximum capacity as given by these meshes was less than
0.5%.

Figure 5(a-d) gives the relationships between the axial stress and the maximum deflection
at the central section of the panel for the four cases, as given by the present model and the
ABAQUS program. The agreement between the maximum capacities of the panels are
given by the present model and ABAQUS program is very close indeed in all the cases. The
most noticeable discrepancies arise in the case of panel I where the error is of the order of
1--2% of the critical load. Even this from a practical stand point should be considered
satisfactory. Comparing next the variation of the maximum deflection, the agreement is
once again very close for panel 2. In the case of panel I, some discrepancies are noticed
throughout the loading history. This is attributable to two competing factors: (i) ABAQUS
program captures the effects of several local modes, in particular those which are symmetric
with respect to the stiffener, in contrast to the present model which is restricted to a single
local mode; this effect is more significant for panel I, which has greater stiffener spacing;
(ii) the effects of mixed second order field contributions are completely neglected in the
present model and these are seen to be slightly stabilizing in character as seen from the
positive value of the coefficient df2 of the two parameter model. This effect becomes
noticeable in the highly nonlinear range of the panel behavior causing a slight reduction in
the stiffness in comparison to the ABAQUS model. In any case the present simpler model
provides a good description of the behavior, adequate for preliminary and intermediate
stages of design.
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Fig. 5. Nondimensional axial stress vs maximum central deflection for (a) panel (I) and imperfection
type (i); (b) panel (1) and imperfection type (ii); (c) panel (2) and imperfection type (i); (d) panel

(2) and imperfection type (ii).

Figure 5(a-d) also indicate the load-carrying capacities as predicted by Tvergaard
(1973). Whereas for the case of panel 2, Tvergaard's prediction of the maximum load is in
complete agreement with those of the other two analyses, it overestimates slightly the load
carrying capacity in the case of panelt. Tvergaard's analysis is very detailed, but does not
account for amplitude modulation which plays the part of precipitating the limit point
somewhat earlier.

Comparison with experimental results of Thompson et al.
Thompson et al. (1976) tested a series of small-scale specimens of integrally stiffened

plates fabricated from epoxy plastic, a material which remains linearly elastic over a
considerable range ofstrain. Initial imperfections in the local and overall modes by specified
amounts were induced by causing permanent deformation at elevated temperatures. Two
categories of stiffened plates were tested, one with stocky stiffeners and the other with
slender stiffeners. In this section, we consider the former category of stiffened plates only
and restrict ourselves to a case of near coincident critical stresses. These plates had eight
bays with nine longitudinal stiffeners. The dimensions are as follows:

h = O. 75mm, b = 57.7mm, d. = 9.625mm, ts = 4.90mm.
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Fig. 5. Continued.

Thompson et al. take the local critical load in the form:

AkEn2 h2

PL ------- 12(1- v2 )b2

2.01.50.5o

\ ~
I

PL I Pe: 1.02

\~
---

~

~

0 ~~: 0.01
- . ~~ '0"4

I
~ f ~ ~05

QO.5

0.6

0.9

0.8

where A is the total cross~sectionalarea of the plate and k is the buckling coefficient, taken
as 6.96 in this case. Given further the ratio of PL and PE (the Euler critical load) as 1.02,
the length L of the plate could be inferred as 307 mm. In the present study, all the analyses
were performed using a typical panel and imposing symmetry conditions as in the previous
section. Figure 6 shows the maximum stress carried by the panel (rendered dimensionless

l.O

¢~

Fig. 6. Comparison with experimental results of Thompson el al. (1976).
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by dividing it by the Euler critical stress of the isolated panel) for various values of overall
imperfections for two sets of local imperfections. The agreement is generally satisfactory.
For larger overall imperfections ~? > 1.0, the theoretical results fall below the experimental
values. This is due to the m.s.o.f. contributions neglected in the analysis. The latter, as seen
from the value of dt2' have a small stabilizing effect for the panel. However the error is too
small to be of concern.

From the foregoing comparisons, it appears that the assumptions made in the devel
opment of the model and, in particular, the neglection of the m.s.o.f. quantities are justified.

Cylindrical shell with five bays
Figure 7 shows a five-bay cylindrical shell structure carrying six longitudinal stiffeners.

The geometry of the cross-section is given by :

b = 40t, h = 0.5t, ds = lOt, ts = 2t, R = 400t.

Two types of materials were considered, namely isotropic (v = 0.3) and composite with
specially orthotropic properties. In the latter case the shell was deemed to be fabricated out
of cross-ply laminate with a lay-up sequence of {Oj90jOj90}, (0° orientation is the axial
direction). The lamina material properties are given by

E, E,
£2 = 18.28; G

12
= 37.39; Vl2 = 0.24; G12 = G23 = G31

(cf. graphitejepoxy with E, = 32,900 ksi; E2 = 1,800 ksi; GI2 = 880 ksi).

The shells were assumed to be simply supported (in the "classical" sense, i.e. IV = V = f3 = 0,
N, = Ne) at the ends. In addition they were restrained from radial deflection along the
outer stiffener junctions. The stiffeners along the longitudinal edges were introduced to
avoid local modes localized near these edges. The overall mode consisted of a single lobe
across the section. The length of the structure in each case was chosen so as to make the
local and overall critical stresses almost the same. Thus in the case of isotropic material,
L = 450t and m = 18 and for the composite material, L = 495t and m = 15. The ratios of
local to overall critical stresses were 1.015 and 1.000 in the isotropic and composite case,
respectively. Note under prescribed uniform compression these shells exhibit stable post
local buckling behavior in the absence of the interaction with overall buckling.

The computations were carried out with eight elements taking p = 5 in both the
longitudinal and transverse directions, with each stiffener represented by one element and
the bays modelled with two elements each. Only one quarter of the structure is analysed in
view of the symmetry. The responses of shells under axial compression were studied under

rP--- 1

Fig. 7. Five-bay stiffened cylindrical shell.
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Fig, 8(a). Variation of maximum overall deflection with nondimensional axial stress for isotropic
stiffened shell; (b) variation of maximum local buckling amplitude with nondimensional axial stress

for isotropic stiffened shell.

a spectrum of initial imperfections. Some key results are given in Figs 8(a, b) and 9(a, b)
for isotropic and composite shells, respectively.

Consider first the load-deflection response ofthe isotropic shell. The load is represented
by the ratio of the applied stress to the overall critical stress. Figures 8(a, b) plot the
variations, respectively, of the deflection at the center of the shell (WeI t) and the maximum
local buckling amplitude (~maxlt) with the nondimensional load for a variety of imper
fections. (For simplicity, t is set to unity, i.e. t = 1, in further discussion.) In all except one
case, the overall imperfections were taken to be zero and local imperfections of magnitudes
0.01, 0.02, 0.05 and 0.1 are considered. Finally, a case of combined local and overall
imperfection is studied with ~?!t = -0.5, and ~Vt = 0.1.

It is observed that in the absence of significant imperfections, the shell under axial
compression tends to bend outward in the prebuckling state and this continued outward
bending causes the shell to buckle outward as the overall critical stress is approached. The
bifurcation is of the "asymmetric" type leading to the stabilization of the structure. This is
because the shell is thrown into a state of tension and the stiffeners are under compression
due to the overall buckling. The stiffeners, being sufficiently stocky, are invulnerable to the
additional compression. As the imperfections are increased the destabilizing cubic term
~~~l becomes important and reverses this tendency causing the shell to buckle inward.
Severe imperfection-sensitivity is then observed, the shell losing 50% ofits buckling strength
under the same level of combined imperfections of the type that may be unavoidable in
practice.
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for composite stiffened shelL

Figure 9(a, b) plots the response ofthe composite shell for three levels ofimperfections.
The response is similar to that of the isotropic case, though the outward bending tendency
in the early stages of loading is less marked. Imperfection-sensitivity too is slightly less, the
erosion of load-carrying capacity being about 44% of the critical load under combined
imperfections.

CONCLUSIONS

A novel approach to the solution of the problems of interaction of local and overall
instabilities in stiffened plate and shell structures has been presented. Axially compressed
stringer-stiffened plates and shells were considered in particular. The essential concept
involved is the embedding of the local buckling deformation together with the associated
second order effects in a shell element. The growth of local buckling deformations is
controlled by a small number of additional degrees of freedom associated with the element
and these also allow for amplitude modulation.

The development of the new model was simplified by neglecting the contributions of
the mixed second order field displacements, strains and stresses. This assumption was
argued at some length, but the final justification rested upon the excellent agreement
between the predictions of the present model and those of full-blown nonlinear analyses.
Comparisons with experimental results also confirm the accuracy of the present model.
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Stringer-stiffened cylindrical shells under axial compression and near coincident buck
ling were found to be vulnerable to modal interaction and can lose 50% of their buckling
strength in the presence of imperfections of the type unavoidable in practice.

It is found that the new methodology offers a superior alternative to the full-blown
nonlinear analysis. The number of degrees of freedom required are only marginally greater
than those required for the overall bending/buckling analysis only, irrespective of the
number of half-waves of local buckling.
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